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mMYNY

.0 :% TP r=3+8sing DIPYY PHWNN INNWN NN INSD (1

DYV PWURID r=1-2sin6 DIPYD PIUNN NRNUND NN INSD (2

YD Mvn

=—11\/§x—% (1
5 5
N B
=—X, y=—">7-X (2
y=3 y 3 (
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OMPNN 2V IND WY

MHNY

.r=2(1+2c0s6) S NN NXNDN DY NLYWN NX VN (1

CY SN VNI ONNWYMY r=6-+4c0s6 TINA RIDON NLWN NN VN (2
.r=3+2sin@ TiNa XIYON NLYN NRIIYN (3

.r=2-90m r=3+2sin@ TIN2 Yannn NOLWN NX1AVN (4
.r=342sin@-2 )NM r =2 TIN2 Yannn NLYN IR IIYN (5
.r=3+2sin@ TN r =2 TINA AN NLYN NRIIVN (6
=155 3NN r=2sind 2ynn TN XYON NVLYN R VN (7
.r=1+c086 NTPRPTIPN TN NN INND (8

.r=3sin20 TINN SY TR MDY OV TIRD NN INND (9
19MVINND NN AVND TNN PN

r(@)=3sin26

L0<O<1IWUNI 1 =6 DIPYN TN NN INSD (10

X =1 ¥ A0 2NN ,0<H < % IWND T =cosd DPYN (11

798N NN DY NOVYNN NVLW NN
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.y -1 Y ID 1NN ,—% <0 s% WK, 1 =4+4sing DIPYN (12

19NN NN DY NAVYNN NLY INN

NOYD Mvn

S=47-6J3=2174 (1
S=227-48 (2
S=11r (3

R

S =#—%€=2.196 (5

S

10.37 (6

Z+£ (7
3 2

8 (8

S:

1+3cos*20d0 (9

\/§+In(\/§+1)
= 5 (10

(=3

Oy |y

(=

S, =7 (11
S, =102.47 (12
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NIM21a NMYITNINIPA DX19) D27 - haP)

NP
.X=an - rcosd=a (1
.y=bawn - rsind=b (2
.y =(tan B)x TPWYNXIN TT 92N WO - 6=p (3
=23 05
.2 YOPTI DXV MYNIL NIINY YN - r=a.l
-[a] Yo7 (2,0) NTIPI NIMY YN - r=2acosé .2
.[b] YO 1 (0,b) NTIPIA NWIMW DN - r=2bsiné .3
NaZ+b? YT (a,b) P2 1NN Hyn - r =2acos@+2bsing .4
MOPOINT MTPTIP

:r=atacoséd, r=aztasingd mTrTIp (1
JOURIN NN DONY 20 NN 9N

:(a<b) r=axbcosd, r=axbsingd 129 NN OY MOPOMINY (2
JPYNIN NN DD THNYY N9 IR D3O 97

:(a>b) r=axbcosd, r=axbsingd 119 NN NI MOPOINY (3
JPYNRIN NN DN 1IRY 1NN IR RID q7)

.0<0<27 DOV MNN MNAY 555 TITAVLVIV) *

436 WWW.GOOL..cO.il 95 103291 1T 110702 NN 1NaY
© NMMPO N — N9 AN




34 P99 Gwl .U TPIDN0 MIND - DNTPNN DIRYY)

V1999 9N%2 MLVPYINY

:r=a+bcos@ YV 99N

r=a+bcost
/‘\< < 2b

=a+bcosd

/\-ﬁ-b
-

r=a+bcost
/f\cp%
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r=a—bcosd Y¥ 99n
He)=a—bcosh
b<a<2b

rié)y=a—bcosé
a<hb

r&)y=a—bcost
az?h

=
\_
=
\_
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r=a-+bsing Yw 99n

r=a+bsing
>b<a<2b
r=a+bsiné
<i::;;£;i::>a<b
r=a-+bsinf
r a>2b

-
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r=a-bsing Y 99n

() =a—hsingd
b<a<2b

r(@)=a—bsing
a<h

MB)=a—bsind
az2b
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0QP1] 0X191 097

¥ =a’ cos(26)
F =a’ sin(26)
a#0

r=acos(nf)
r=asin(nf)

neven,2n petals

r=acos(nd)
r = asin(n@)

nodd,n petals
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0"MN2) D'Vavn Y NMindn

:DN2N OXVAVNN HN NN

MOXI NI M

Y ITIPI NN NOTI RN, X, TTIPIT NP (X) 1O¥PI9N DX

nYvvn Yoo

g (x) NP NP f(g(X)) NI, X NTIPIA NP IPNS y =g(x) NN
DOPINMY, X NP NP f(g(X)) NIDNNN MYPNN NN

(f(a(x)))=f"(g(x)-g'(x)

V997 Yo
, X, ITIPI MR M MOY MM NPIPNS f -1 g-v non

- f(x) . f(x) ,
Aim——==1lim——= WX ,9'(%,) =0 19 f(%,)=9(X,)=0 > NN
X_)Xog(x) X_’Xogl(X) g( ) ] ( ) g( )

TINDID VYN
f (x) 8PN DN
,[a,b] Mo yopa Ne¥Y N

,(a,b) Mman yopa NP .2

f(b)—f
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(%) =0 IN,TPDIPN DIOPN NTIPY X, DN X, NTIPIA NP f DN

519 vaYnN

f (x) MYPNAN ON
,[a,b] MmDN yoPpa NN N
,(a,b) Mmanyopa NP a2
, f(a)="f(b) mo»pn

.f'(c)-wT5,a<b<c NTIPINHDIP N

N9 N NISPNIN NI

X, NTIPIN NDAVA NN NN PPN y =  (x) >N

MOV 121NN TPSPNIN OI N, F(X) =0 ON X, NTIPIA NP f(X) DN

1
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MHNY

:12=1 MONY2A D’1VN DY MDIONNN OINN NN MOIDNNN OPTI NN INNND

Z%XZ” (6 Z_;( 1)”1(X:;ﬁ2) (5 gx”sinz% 4
Z(—l)““% (0 21'3 (52n (22;: Dy (8 :Zon—,f(x—l)“ (7
;‘X;;)fff Zr(]x 1%;: i@ (x+5)" (10

:MDIONNN DINH NN IWIAPY ,MIXIAN NPIPNAN DY MPIN MNVO MMM NN INNN

1
f(x)= (15 fX- f(X)=— (13
(=1 x) =175
f(0=52 f(X)=7 F)=—2 (16
X—5
7x-1 3
f(X)=——— (20 f(X)=——— (19
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(Ixk<3) (200" -

(lX F< 3) :E:( 1) 9n+1

GOUL

—0<X<o,R=0 (2
-1<x<1,R=1 (4
-1<x<1,R=1 (6

—0<X<o,R=0 (8

R=4/3

-Bax<-4, (10

—7<x<-3,R=2 (12

o0

(Ix|<1) > 3x*

n=0

(14

o0

" (16

0 D

2n+l

(18

3")x" (20

n=0

NOYD Mvn

-1<x<1,R=1 (1
-0.2<x<02,R=02 (3
-3<x<-1,R=1 (5
x=1,R=0 (7
-5<x<3,R=4 (9

-9<x<11,R=10

(Ix<1) 3 (-1x"

n=0

(Ixl<1) 3 (-1)re s

n=0

(11

13
(15
(Ixl<2) S0 ax™ (17

(19

0 n+1
(1xK<1) Z[ J
n=0
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37 919 Gwl ... PI9N) DXODN DINTPNN DN

Convergence of a Sequence, Monotone Sequences
(NM1TO)

Questions

1) Let A be a non-empty subset of R and « =inf A. Show that there exists a
sequence (a,) suchthatan a, e Aforall neN and a, >« .

2) Let A be anon-empty subset of R and x, € R. Show that there exists a sequence

(a,) in Asuch that [x, —a,| > d(x,, A) . Recall that d(x, A) =inf {|x—al:ae Al

3) Let (a,) be abounded sequence. For every ne N, define x, =sup{a, :k <n}.

Show that the sequence (x,) converges.

Cauchy Criterion, Bolzano - Weierstrass Theorem
4) Show that a sequence (x,) of real numbers has no convergent subsequence

if and only if |x,| —> oo.

5) Let (x,) beasequencein R andx, € R. Suppose that every subsequence of

(x,) has a subsequence converging to x,. Show that x, — X, .

6) Let (x,) beasequencein R . We say that a positive integer n is a peak of the
sequence if m>n implies x, > x_ (i.e., if x_ is greater than every subsequent

term in the sequence).
a) If (x,) has infinitely many peaks, show that it has a decreasing

subsequence.
b) If (x,) has only finitely many peaks, show that it has an increasing

subsequence.

c) From (a) and (b) conclude that every sequence in R has a monotone
subsequence. Further, every bounded sequence in R has a convergent
subsequence (An alternate proof of Bolzano-Weierstrass Theorem).
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Continuity and Limits (maxm m212x)

Questions

1) Let lim-52=5. Show that lim~2=0.

2) Let f:R—R and x, € R. Suppose lim f(x) exists.

Show that Iirrg f(X+X,)=lim f(x).

3) Let f(x)=|x| forevery xeRR.Show that f iscontinuouson R.

4) Let f:[0,7] >R bedefinedby f(0)=0 and f(x)=xsini—21cosi for x=0.

Is f continuous?

5) Let [-] denote the integer part function and f :[0,0) - R be defined by
f(X) =[x*]sin7x.
a) Show that f iscontinuous at each X # Jn, neN. [Here N includes 0]
b) Show that f is continuous at each x=k e N..

c) Show that f is discontinuous at each x = Jn, neN such that x ¢ N.

6) Letthe function f :[0,1] — [a,b] be one-one and onto. Suppose f is continuous.
Show that f ™ is also continuous.

7) Let f:(0,1) > R be given by

L ifx=2 where p,q e N and p,q have no common factor
f (X) —J4a q

0 ifx isirrational

a) Suppose x, — x, for some Xx,, with x = x forall neN, and suppose

X, = g—n €(0,1) where p,,q, € N have no common factors. Show that

n

limg, =oo.

n—oo

b) Show that f is continuous at every irrational.
c) Show that f is discontinuous at every rational.
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Existence of Extrema, Intermediate Value Property
(oxLYAIM vawvn 012N )Y vavn)

Questions

1)

2)

3)

4)

5)

6)

Give an example of a function f on [0,1] which is not continuous but satisfies the
IVP". "We say that f has the property IVP [Intermediate VValue Property] on [a,b] if
for every x,y €[a,b] and « satisfying f(x)<a < f(y) or f(x)>a > f(y) there
exists x, €[X,y], such that f(x,)=«.

Let f :IR — R be a continuous function. Show that f is a constant function if
a) f(x) isrational for each xeR.
b) f(x) isan integer foreach x€ Q.

Let p(x):R — R be a polynomial function of odd degree. Show that p is onto.

Let f,g:[0,1] > R be continuous such that
inf{f (x):xe[0,1]}=inf{g(x): x [0,1]}.
Show that there exists x, €[0,1] such that f(x,)=9(x,) .

A cross country runner runs continuously an eight kilometers course in 40
minutes without taking rest. Show that, somewhere along the course, the runner
must have covered a distance of one kilometer in exactly 5 minutes.

Let f :R — R be a continuous function.
a) Suppose f attains each of values exactly two times. Given:
f(x)=f(x,)=«a forsome x,X,, R, and f(x,)>a for some
X, €[X,X,]. Show that f attains its maximum in [x, X,] exactly at one point.
b) Using (a) show that f cannot attain each of its values exactly two times.
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Mean Value Theorem, L'Hopital's Rule, Differentiability
(M 2va? 222 ,'TaNA? vawn)

Questions

1) Does there exist a differentiable function f :[0,2] - R satisfying
f(0)=-1 f(2)=4and f'(x)<2,forall xe[0,2]?

2) Let f:R— R be differentiable such that for some o € R, ‘ f '(X)‘ <a<l

forall XeR. Let a, € R and define a sequence (a,) recursively by
a,, = f(a,).Showthat (a,) converges.

3) Let f:[a,b] >R be differentiable and let & € R be such that
f'(a) <a < f'(b). Define g(x) = f (x) —ax forall Xx<[a,b].
a) Show that there exists C €[a,b] such that g'(c) =0.
Hint: prove by contradiction, noting that g’(a) <0 and g'(b) <O.
b) From the above, conclude that if a function f is differentiable on an
interval [@,b], then ' has the Intermediate Value Property on [a,b].

4) Suppose f :[0,1] — IR is continuous and E f()dt =1.

a) Show that there exists C € (0,1) such that f(c)=1.
b) Show that there exist ¢, = c, in (0,1) suchthat f(c,)+ f(c,)=2.

5) Let f:[0,]] > R be such that ‘ f '(X)‘ <10 forall xe(0,1) and let (x.) be
asequence in (0,1) satisfying the Cauchy criterion. Show that the sequence

( f (Xn)) converges.

6) Let f:[0,1]] >R and a, = f(%)— f (ﬁ), n=12,...
Show that:

a) if f iscontinuous, then Z:zlan converges;

b) if f is differentiable and ‘ f '(X)‘ <1 Vxe[0,1], then
ZL a, (cos n)\/ﬁ converges.
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7) Let p(x)=a+bx+cx®. Find all values of a,b,c e R for which the function
p(|x]) is differentiable at 0.
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Power Series, Taylor Series (m2»v v mprn M)

Questions

1) Let f:(a,b) > R be infinitely differentiable and let X, € (@,b). Suppose that
there exists M > 0 such that ‘ f(")(x)‘ <M" forall neN and X (a,b).

Show that Taylor’s series of f around x, convergesto f(X) forall X € (a,b).

1
2) Let (a,) be asequence of nonnegative reals and suppose that (an") isa

bounded sequence. For each n, define A, :Sup{ak% ‘k>n}.
(A,) converges since it is decreasing and bounded below (by 0).
So A, —> L forsome L >0.

a) Show that if L <1, the series Z:Zlan converges and if L >1 the series

diverges.

o0

b) Show that the radius of convergence of the power series Zn:l n

n - 1
ax Is—.
L
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D™ 2N 7Y vavn ,X"1TNN ?2¥ *MP@ vavnn
1M "NI2DY DNV

MHNY

f0=10 X0 £ 11> R nn (1
0= 0<x<i [ RO

Al<x<1 3y F(x)=[ f(t)dt NPT
N2, F - f 5 D970 IR VLIV
N F DANL(0-2) NN PR f N

0 2ANPRAPR F 2
,0-2 NNV NPNR f-w D, f:[-11] > R MIpNS noNTIin D

.0-17PW F(x)= [ f(t)dt Yan

NPSPNANY NNINA ,DIDNVINRY MNYN DN TIY LIV AN NN (2
: (MPDIANVIN NDY) MYNI
.[a,b]-an2>x f O>nn

,F'=1-v 75 ,[a,b]-2 F NN MIPN ND»P ON

[0 f(x)dx=F (b)-F(a)

NN fi[a,b]>R oD (3

lim S (P, f):j: f (x)dx 3379590

IP|—0
A =x—%, SR =S" FE)A, P ={X %X} :DNDD
.|P| = max{Ax} ,Coe[x 4, %]

I<i<n

.neN Y a, InL@} mn (@

lima, N NSD) 1277 01207 &, NN DN

Jab]-amoNy g’ f-w 1o, f,g:[a,b] >R Mm»n (5

e (x)ax=[f(x)g(x)] - £'(x)g(x)dx 31271
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¢ 9V ML NN fHONM MNP ¢ia, Bl >R OIN (6
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= ’
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GWL L PYNIPNGS,DMIONINYD DXNVP)

11V YA QYT ,DIXRTA

MHNY

D990 ONOVPY MTVY F(X,Y,2), G(X,Y,2) P
S INDIN
div(F+G)=div(F)+div(G) .N
V(F+G)=V(F)+V(G) A

TPSPND 9= (X, Y,2) PN PNOPY NTY F(X,Y,2) 7
. div((oF) = (V(p) -F + @divF 20N

JVONPNY o =(X,Y,2) XM OINVP NTY F(X,Yy,2) >
.div(rotF) =0 >N .N
V-(VxF)=0 9NN MD»1 1N
.rot(grade)=0>31>1N .2
Vx(Vp)=09nN Mo”1 N

D995 DNVPY MTYF(X,Y,2), G(X,Y,2) P
.curl(F+G)=curl(F)+curl(G) » N

NV NTYE(X,Y,2) >
Vx(VxF)==V?*F+V(V-F) "M

(1

(2

(3

(4

(s

SO XNIDYT VINYTI HY NIRNDNN D10 NN Ty *
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38 P19 GWL .Y IVIPNY ,DOIVNIN DNIVP)
(MNP HY VINITI)) NN
L@ =(X,¥,Z) TP OXPNS NN
.gradp=Vep= a—¢a—¢6—¢ T HY AT grade YmoNn @ SY VINTIN
oX 0oy oz
OO DTV SV 599 X927 NITHID
F=1(xy,2)i+9(x,y,2)j+h(x,y,2)k >
72, divF y2100n F Y9 §3992940 N DTN
divF =V-F
laive=[ 2,2 21 (t,q.h)
OX 0y oz
divF=f, +g,+h,

P Yy, curlF ymonn F Yw curl -n nx 010

curIina g—j& oz +k|ox oy

curlF=VxF

curlF = ﬁﬁﬁ
OX 0y oz
i j k

curIF:2 9 9
ox oy oz
f g h
0o 0
g h

curlF =(h, —g,)i+(f,-h)j+(g,- f, )k

0o 0

0 0

f h f

g

.curlF ©ypna rotF oomnwinn v :nayn

475

WWWw.G00oL.co.1l 9NND 10N INT MIVIDA XON NN

© PMMYD NN —INM 2ANd



