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s MININ NNYVLN NN 1IN IN NN (44

. a :
Aim—2=0- lima, =-¥ 75 (a,) NITO NOMP .N
H an+1 :
Aim—2=4-y lima, =©-¥ 73 (a,) NNTO NP»P .2
n—o
H a‘n+1 :
Adim—2 =00 -y lima, =00-w 72 (a,) NITO NOMP )
n—o

H a'n+l H
O”YPNY lim—2 -y lima, =-¥ 72 (a,) NITO NOMP .1
n—oo

n—oo a
n

; TNAN NIYON NN 13197 NI (45
limn|a, -a,,, =1 lima, =0-v 15 (a,) NTO NOOP .X
n—o0

n—o0

Jdimn’(a, -a,,,) =©-) lima, =0-v 15 (a,) MTO NO»P 2

n—oo

.(a,) m2avn NITO NN (46
:197790 N NN

. a .
Adim—2 =1 N, limgfa, =L ON .X

nN—o0 an nN—o0

. . a
Jdimgpfa, =L N, lim—2 =L X .2

n— n—o0 a
n

: N2 12192 MIND JNANN PINY YNWUN INNY THON DY DN : NN
D) KD TN TN LTI WNYN INDN DI IR, TIY 7NN JNIAND TUND

.4
O»p ||ma”—+l MW, (a,) NAPN NITO NN (47
n—oo
n

£199997 N NN
MON NN (na,) NITON N
mon (a,,,—a ) N1ToN .2

0N Ya, NITON )

a
Ba\vARAR)A] ?” nyT9n .7

. a
Jdim=2=0 .n

n—o 2n
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N 95Y a, <a NHMYPN NN DX NTIV XIPON (a,) NITO (48
: INAN MIYON DX 127790 N NN

DTV NN, |a, < a, | Dn»pn (a) N1TO DN N
DT NN |a, [<a, ne»pn () NITO ON .2
DT NN, A <a | nYPn (a) NMTOON )

? P+l

n+1

Y20 n 939 Ja,|> 2 a,, —a, >—1 N»pPNHN ,NITo (a,) XN (49
: NN NNYLNN NNX DI 13797 IN NN
.n>=N 939 a >2 W ,IPN a, -¥ 71 ,’¥20 N D»P DX .N
DOV (a,) PN DOV IN DMIPN (a,) MR IO VYNNI 2

a
L3 <-13IN,a, <" 90N O»PNn n DOY BN )
&

lim(a,,, -a,)=0-v 73,M170 (a,) >N (50
: TINAN NNYLIN NNNX D 157797 N NN
:OYPIN N, |a,[=c O»Pn n Y5V T, c>0 IP O”P DN .N
LO”OV a3, MN I VYN IN DMIAPN a, MN I VYND
:DPPANIN,N 930 |a,|>0 ON .2
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23919 GWL . 0N NISD - DNTPNN DINYY
DIPY ?¥ NMuvnia naxn
MYNY
S TPYVAP MANND ,NNMN NPIVNION MIXNN PN (1
t>0, x=t>+1, y=t* .N
0<t<z, x=sint, y=cos’t .2
7 <t<2z, x=cost, y=4sint .)
:TPIVNID MINND ,NNMN NOTVIPN MDD PV I (2
1<x<4, y=x"+1 .N
2<x<2, y=—4-x* 2
2<X<2, y=+J4-X2 )
.MV DNI00N DY VNI NN PND (3
[N IRNVND INSD T 0NN YW 19N ST HY
27292 y-) X DNNYNRN MYSNNI DDDN DI NRVIANY
Xx=t—4, y=t* .N
X=-4+cost, y=1+2sint .2
X=4+cos’t, y=4sin’t .3
x=t(t+1)+1 y=t(0.5t+1)+1 .7
L 20t y 20t —5t°
= y = N
4+1? 4+t
Map k) x=ke' +ke™, y=ke'—ke" 3
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AP MAIVN
y=1-x*-1<x<1 .2 y=x-1, x>1.8 (1
y2
X*+2-=1,-1<x<1,y<0 .
16
Xx=2cost,y=2sint, 7<t<2z .2 x=t, y=t*+1, 1<t<4 (2
x=2cost,y=2sint,0<t<7z .)
2 2 2 _1\?
X3y =4% ) (x+4)2+[—y2 j 1.4 y=(x+4)" .8 (3
X2 —y? =4k* X +y*=25 .1 X2 —4xy +4y* =2y-1 .7
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NYINYY1 NN

MYNY

TPNPNON DY NIV NNIYNRIN MNINN ININWN (1

x(t)=t-sint
"|y(t)=tcost
. TPIVNIY NI NNTIN

x=t%+t
. DpYN N (2
y=1-2t

.DIPYN INIVVLIV .

MY D97 VDA yi(X) NN IavN
A=—1 M NTIPIA,DIPYD PPYUNN NXNVND NN INYND
£==1 N2 NTIPI,0IPYD ININN NXNWND NN INSND

TR T 4

y=3t>-9
.DIPYN NN LV X
.(0,0) TP OIPYY PPUNN NINNYN NN INYD .2

x=t>-3t
) DIPYN PN (3

PPOIN NI DIPYY POUNN YNIY MTIPIN DN INYD )
IOIN NI DIPYY POUNN 1Y MMPIN NN

MNYP/NNP DIPYN t HY DDWIDNR NIY T

PID MAIVN

,_cost—sint-t . (-tcost—2sint)(1-cost)—sint(cost —tsint)

, 1
1-cost (L—cost)? (

y=-0.5x+3 .7 y=2x+3 . y'=_—2 A PVIP2INRI N (2
2t+1
(-2,-6),(2,—6) "IN (0,—9) -*PAIN .3 y=£/3X .2 . PVIDIINY.X (3
AWP t<—1INt>1.9mp —1<t<1.7
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DNDNN 2V IIND WY

X =C0s 2t
C: ) DIPYa XIWON NLYWN NXIAVN (1
y =sin4t

2

2
X
.a,b>0 .\\’)ND,—Z‘F y
a

7=t NOYYNMN TINA KIYIN NOWN NN VN (2

. OYTY DY DVN TINA XIWON NVY DAPY ,a=b=r OXY 25 OV *

0<t<z, x=cost, y=t+sint ©IpPYN Pa XIWIN NLYWN NN VN (3
XD PN PO

0<t<2z, x=4cost, y=sin’t DIPYN P2 XIYOIN NLYWN NN VN (4
X PN PO

X=t-sint
0<t<2r DIPYN TN NNIVN (5
y =1-cost

ost
(=L 7z) PP (1,0) NTIPINN ,{ tesing 2P TIRAN2VN (6
y=1+SI

TIVNIN MIXNN OT DY ITNINN V0N TINRD VI PPPon (7
X =C0s 2t
. 0<t<2r

y =sin2t

ANYY DIPYN TR IMN NYM 13Y PPPINNY PRINN NN INSH

X =rcost
XS PN AV ADNON ,t=7 PO t=0 Pav, - DPYN PoN (8
y=rsin

NINNN NAVYNN NVLY INN

3
X=C0s"t
.y -1 X 1320 :1:nm>3,t=%1>:1‘:t:omw,{ o, DD 79N (9
y =sin

TNINNN NAVYNN NVLY INN

X =4sint
y =10t —7 <t <27z DWPYN TR NXIIVN (10
Z =4cost
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1<t<3, r(t)=(e cost)i+(e'sint)j+(e' )k DPYN TN NN 2WN (11

YD Mvn

8/3 (1

rab (2

157 (3

16/3 (4

8 (5

4 (6

LAz NN POPYNN YW PRINN . 27 KN DPYN TR (7
Azr® (8

67/5 (9

67429 (10
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24 P19 GWL W TPII9 MINN - DINTPNN DIRWY

nMIVIP MYPTNNIR

MHNY

: DYNAN DYYON HY MY (1

0P NP (4%} ™MAVYPN NTIPIN NN YO N

020D NP (—1,-1) MIVIPN NTIPIN IR IYPHN .2

: DYNAN DXOYON DY NY (2

0P NTIPY (10,—%] ™MAVYPN NTIPIN NN YPHN N

120 NTIPIY (0,—4) TPIOLIPN NTIPIN DX IPHN .2
P20 NP (-2,2) MIOIPN NTIPIN IR IPHN )

: DYNAN DOYON HY NY (3
PAVIP MOPTNNIPY 4X—X° =1+ Xy IRNVNN NN PO N
PTOIP MOPTNNIPY 1 =-4c0sH INNWNN NN IPHN .2

: DYNAN DXOYON DY VY (4
PN MOLPTNNIPY X* + Y =4y IRNWNN DN IYPON X

PN MOUPTNNIPY X =10 IRNYND NN IPHN .2
I MOPTNNIPY Yy =4 INNYNRD IR PRI )

: DYNIAN DXOYON DY VY (5

DPTOIP MOPTNNIPY =4 INNIVND DN IPHN N

DPIOINP MOPTNNIPY O =7/4 IRNVNON IR IPHN .2
PTOIP MOPTNNIPY r=2c0SH+4siNG NIRIVHN NN IVPHN )
1

PTOIP MOPTNNIPD 6résin@ =4-cosd NRNWHRN NN PO .
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D MAIVH
(r,e){ﬁ,%”j 3 (xvy)=(2248) x @
(r,e){@%”j 3 (r,9)=(4,37”j 3 (xy)=(5-58) x @

(Xx+2)°+y*=2* 2 4rcos@—r’cos’@=1+rcos@-rsind .N (3
rsind=4 . rcosd=10 .2 r=4sin6 .N (4
(x=1)°+(y—2)*=5 . y=x.21 xX"+y*=4 N (5

6(\/x2 +y° )3~y=4«/x2 +y =X .7
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NYYINYY1 NN

mMYNY

.0 :% TP r=3+8sing DIPYY PHWNN INNWN NN INSD (1

DYV PWURID r=1-2sin6 DIPYD PIUNN NRNUND NN INSD (2

YD Mvn

=—11\/§x—% (1
5 5
N B
=—X, y=—">7-X (2
y=3 y 3 (
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OMPNN 2V IND WY

MHNY

.r=2(1+2c0s6) S NN NXNDN DY NLYWN NX VN (1

CY SN VNI ONNWYMY r=6-+4c0s6 TINA RIDON NLWN NN VN (2
.r=3+2sin@ TiNa XIYON NLYN NRIIYN (3

.r=2-90m r=3+2sin@ TIN2 Yannn NOLWN NX1AVN (4
.r=342sin@-2 )NM r =2 TIN2 Yannn NLYN IR IIYN (5
.r=3+2sin@ TN r =2 TINA AN NLYN NRIIVN (6
=155 3NN r=2sind 2ynn TN XYON NVLYN R VN (7
.r=1+c086 NTPRPTIPN TN NN INND (8

.r=3sin20 TINN SY TR MDY OV TIRD NN INND (9
19MVINND NN AVND TNN PN

r(@)=3sin26

L0<O<1IWUNI 1 =6 DIPYN TN NN INSD (10

X =1 ¥ A0 2NN ,0<H < % IWND T =cosd DPYN (11

798N NN DY NOVYNN NVLW NN
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.y -1 Y ID 1NN ,—% <0 s% WK, 1 =4+4sing DIPYN (12

19NN NN DY NAVYNN NLY INN

NOYD Mvn

S=47-6J3=2174 (1
S=227-48 (2
S=11r (3

R

S =#—%€=2.196 (5

S

10.37 (6

Z+£ (7
3 2

8 (8

S:

1+3cos*20d0 (9

\/§+In(\/§+1)
= 5 (10

(=3

Oy |y

(=

S, =7 (11
S, =102.47 (12
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NIM21a NMYITNINIPA DX19) D27 - haP)

NP
.X=an - rcosd=a (1
.y=bawn - rsind=b (2
.y =(tan B)x TPWYNXIN TT 92N WO - 6=p (3
=23 05
.2 YOPTI DXV MYNIL NIINY YN - r=a.l
-[a] Yo7 (2,0) NTIPI NIMY YN - r=2acosé .2
.[b] YO 1 (0,b) NTIPIA NWIMW DN - r=2bsiné .3
NaZ+b? YT (a,b) P2 1NN Hyn - r =2acos@+2bsing .4
MOPOINT MTPTIP

:r=atacoséd, r=aztasingd mTrTIp (1
JOURIN NN DONY 20 NN 9N

:(a<b) r=axbcosd, r=axbsingd 129 NN OY MOPOMINY (2
JPYNIN NN DD THNYY N9 IR D3O 97

:(a>b) r=axbcosd, r=axbsingd 119 NN NI MOPOINY (3
JPYNRIN NN DN 1IRY 1NN IR RID q7)

.0<0<27 DOV MNN MNAY 555 TITAVLVIV) *
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V1999 9N%2 MLVPYINY

:r=a+bcos@ YV 99N

r=a+bcost
/‘\< < 2b

=a+bcosd

/\-ﬁ-b
-

r=a+bcost
/f\cp%
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r=a—bcosd Y¥ 99n
He)=a—bcosh
b<a<2b

rié)y=a—bcosé
a<hb

r&)y=a—bcost
az?h

=
\_
=
\_
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r=a-+bsing Yw 99n

r=a+bsing
>b<a<2b
r=a+bsiné
<i::;;£;i::>a<b
r=a-+bsinf
r a>2b

-

272 WWW.GOOL..cO.il 95 103291 1T 110702 NN 1NaY
© MHYO N — N9 ANd




o GOOL

W 1IDI9 NN - ©INTPNN DIRWYY)

r=a-bsing Y 99n

() =a—hsingd
b<a<2b

r(@)=a—bsing
a<h

MB)=a—bsind
az2b

C

Y
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0QP1] 0X191 097

¥ =a’ cos(26)
F =a’ sin(26)
a#0

r=acos(nf)
r=asin(nf)

neven,2n petals

r=acos(nd)
r = asin(n@)

nodd,n petals

A%
<

G 1
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25 919 11T VOVN - TPEPND HY MDNT

GOUL

n'Xpna v maxn

MHNY

N9V 19900 NI NPSPNON M NN IPTL : 6-1 MONYA
:TPNPNON 97 NN DI VLIV ,2-) 1 MONYD

X x21

£ (x)= 2 _x+1 x<2
) {XZ k<t f(x)_{s—x 2
sinx x<0 % x<1
2
fx)=1*  0=x<l g f(x)=ix-2 1<x<2 (3
2—-X 1<x<2
3 x>0 1 X=2
X B X—2 X>2
sin X
—_— x>0 ;
X sSin4x 20
f(x)=<2 x=0 (6 f(x)= Xl (5
1 X
1+e*  x<0 4re x<0

:6=3 MONVI NPXPNANN NNX YD My (7
ANOTND NHRD MDSTOIN NTIPI DD N2y M)
DIV DN MY OIN NTIPI NOYA DXPND TN 90N

NONN NVIPNINY NN DY, K SW AP TIVN NPND TIN NN :11-8 MONWI
X 995 MmN

x2+2x-3

X#1 kx® + X —2 X<2
f(x)= — 9 f(x)= 8
() K x-1 w1 () {5kx—6 X>2 ¢
2x —k x<0 Vx*+5-3
(X):{ 2% (11 F()=1" x-2 **2 o
X x>0
k X=2

JOVIMH 55D NIV P NNAY 1N 11 NORY YN

.MINYN 1PXPNAN HNON NI NTIPIN XON 19N 1TIP) !
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25 P79 GWL 11TV LAY - TPXPND DY MDNA
,b -y a ©owapn S 0YoyN NYND 0N NN : 15-12 MONYA
NITIN DINNI MINT NI NVIPNANY TN DY
ax+b x<0
f(x)= smx O<x<rm (12
2%
acos X Xz
adx +x° x<-1
f(x)=4bx*+x-1 ~1<x<1(13
Jx-1+a-+a
4 \/_ x>1
\/g(x—l)
S
XX x>1
f(x)=4(x-1)In(x+1)+b 0<x<1 (14
1
2x -2
a—; x<0
2% +4
1
T x<1
1+ex
f(x)=1ax*+b 1<x<2 (15
1
(x-1)x2  x>2
J909999 5557 19tya P9 9INY N2 16-14 MHNY :NYn
192790 N NN (16
98T KD TPNPND NIN MAYNT KD NYXPNI NYW DD N
8T ND TPNPND NI MDNT R NPNPNS N wIoN .2
DN ND TPNPND NI MANTY XD NPXPNIONY NYAON )
9N ND TPNPNG NI MDONT XD NPNPNS YNV DY\ T
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MPNY f+g ONN.NDNINY - NN f-w T (17

NI NN
IX|[-1 |x+1]>4
f(x):{Z |x+ﬂ<4’nn(18

JVXPNON 90 IR IVVIY N
(¥ NT92) N0 DRI MNP DY MBI IND MTIPI NN INYD .2

1
X 999 M MM f(x) >nm ,g(x):x+; N )

1x 995 NN NYON2 g(f (X)) NaAdINN ONN

.(0,1) yopa nmon PN f Honn (19

f(x) 0<x<1

.9(x)= > 5y, (0,2) YOPI NITINN NPXPNAN g NN
X2 1<x<2

APNY 1g HY NPYYD MAXIHIN NTIPI NN X, =1 NTIPINY DN ONN N

APM 1(0,2) YOP2 NMDN g DN .2

X YeR D35, f(x+y)=T(X)T(y) n»pnw mspns f R — (0,0) NN (20
X=0-2n»¥7 f-w )
LX 999 NN -w NN

X YeER 939, f(x+y)=[f () f(y)] novpnwmspns f:R - (0,0) nn (21
X=0-2n9%7 f -
LX 990 NN f-w IO

f(x)= x—%LZxJ TPNPNAN NN (22
197391 N NN
X D95 mon f NpNon X
X 999 NNy f o mspnan a2
L X 930 oM o spNan L)
X290 TOMONIN T f o spnoan T
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: DONIN DXPYDN DY MY (23
X 925 [F(X)[<x m»pn f(x) MIPNo N
. X =0-2 NN IXPNINY NN
X 999 | f(x)|<sinx np»pn f(x) PN a2
MY MTIPI PNDINA NN NPV NN

X 999 NN f(x) mNpNaN (24

f(x) _sinfrx) ROV OT DY M f(X) , x=£1 MY I N
L[

X 925 f(x) 5¥ INONN NN IND

X 999 MNT f(x)-2g(x)-) 3g(x)+2f (x) NPIPNMN (25

-x 929 N | (x)—g(x)| mIpnany M

.Iing[f(x)(l— f(x)) =0 mo»pm x 935 MM f(x) nn (26
dim f(x)=1 W lim f (x) =0 :12>91 N IMIN .N
x—0 x—0

2202 /N TN NN AR PONI ONX /N PYDD TNIVN MNYN ONXND .2
9N

X 999 P f onn (27
: TINAN NNYLN NN 1IN IN INIIN

X 999NN AN, x 999 NNy f(sinx) DN N
X 999 NN fIN, x 999 NN sin( f(x)) ox .2
X 990 f(x)=4 nN, lim f(x) =4 D»PNN X, Y99 DX )

17X 999 NXY 5 Q0N WIT DN, TNIVN MNVN T
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: DYNAN DYON Yy Ny (28
: X, yeR 99590 N

min{x, y} =%[(x+ y)-Ix-yl] .1

Max{x,y}:%[(x+y)+|x—y|] 2

: R -2 MO'N7 MINAN NXPNON 0 IX R-2M¥7 f,g OXODINDIN .2
z,(x)=min{f(x),9(x)} .1
z,(x) = Max{ f (x),g(x)} .2
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28 P9 GwL <. DTN MOX - OINDTPNN DIRYI

NITAN 272 NNY NT'Na NMawxI

MHNY

:4=1 MONWYA DXVIVNN NX NN

"R -2 (MW NP0 N9¥T) wrinad (Mnap mspng) f(x)=7 (1
R-2wrma) f(x)=2x+3 (2

J0,0)-2wrmmay f(x)=+x (3

.R-2wmman f(x)=«/|x|+l (4

R DTN MPONIY g o RPSpNaH Y NN (5
SN
R-amv nmnanesy f(g(x) N
.R-2anmmonniona Ny f(g(x)) .a

[b,c]-a M NPra NN | ,[a,b]-2a MY NTNINONT f oM (6
J[a,c]-2 MY NTRa NN IO
SNVIP VAVYN 991 NITHNN 299 : NNV DIITT SNWIA NNT IVY

1 MNayopa g-) f NPSpNa O nY Ry (7
YOPA WP f+g IN,YOPAWINIY g-) f DN NN

1 yopa g-y f o avspnasny mnm (8
: TINID NNYLIN NNX 5 153990
YOPa VNI fog IR ,YOPAVYWMIY g f DN N
YOPAIWINIY g-) f AN, YyOPa YN fog DN .2
Yopawrnay f/g N ,YOPaWNIY g=#0-) f OX )
MOPAWINIIND f-g IN,YOPIANMMONND g-) f ON .7
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28 P9 GwL <. DTN MOX - OINDTPNN DIRYI

1 MMoYoPa g-y f NYSPN OV MM (9
YOPA WINPT f-g IN,YOPI WIHRIN MMON g-) f OX NN

.(a,b) yopa nmon f'-v 75,(a,b) yopa Ny mspns f >nn (10
D»pPIN (a,b)-2 y-1 x 95 75, M >0 D»PYINIIN .N
()= T (X)[<M]y-x
J(a,b)-a My nnanesy f-winomn a

X 999 \f (x)\ >c>0 NP, | YOPI MY NN NN PN f >Pn (11

-2 x 935,9(x)= nm, -2

1
f(x)

=2 MY NP NN g(x) 22 IMN
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28 P9 GWL <. DTN MOX - OINDTPNN DIRYI

MY NT'NA MAawx1? D'NaIN

MHNY

(1
.(0,1) yopa M nPnaneN f(x)= xsm(;} PNV INN (1

—0 <X <o YOPI MY NN NN f(X)=xe™ MIPNONVININ (2

1
(0,00) -2 MY NN NN f(X)=——F TIPNINVINOIN (3
1+ex

.(—o0,00) -2 MY NN NN (X) =arctan(x) MIPNINWININ (4
JLeo) YOPA MMV NP NDNY (X)) =Inx POXPNON DI (5
L) yopa MY AP 9T f(X) =X M¥PNIN D INN (6

R-2 7MY nNa NN f(x)=arctan(x) 18PN 2NN (7

X
.(0,00) YOPA MY NTNA NN f(X)= 7 TP¥PNAN 3NN (8
X+

[0,20)-2 v LA NN f(x)=xsinx MIPNON 1IN (9

1
(0,00)-2 MY NN NPT (X)) = XCOS= TPNPNANY NN (10
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28 P19 Gwl <. DTN MOX - OINDTPNN DIRYI

CR -2 1090m NN f(x) 7r8pne N (11

CR-2 7y nnanosa f(x) -wInom
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28 P9 GwL <. DTN MOX - OINDTPNN DIRYI

MNMY NN MAayxI N2%v?2 n'Nan

MHNY

—o<X<oo YOP1a f(x)=sinx® MyPNAN MM (1
JOPA NNV DTN NN KD TPSPNNIY NN

(0,1) yopa f(x)=¢" cos(a IPNN NN (2

JOPA NV NN NN RD MMINPNINY NN

.0<x<o0 yOPa f(x)=xsinx MOIPNAN NNHM (3
YOPI MMV NN NPT N MDIPNINY INDIN

0<x<1yopa f(x)=Inx MYPNN MM (4
YOPI MY NN N9¥T NI DIPNNY INIIN

: DONAN DYOYON DY NY (5

n—oo

) Iim[ln(Z;m+%j—ln (Znn)j =0 "IN .N

R-2mMw N0 N PN f(x)=sin(e*) »mmn a2

:DYNIN DOPYONIY DY (6
[0,0) -2 MY NP NYNIY NP f(X)=€"sinx NP I N

(=0,0] -2 MY NP NN f(X)=e*sinx MINPNHN D ININ .2

: DXNIN DOYONIY NY (7
1
(=0,0) YOP2 MY NP NPT f(X)=eX MIPNN 1IN N
1

.(0,0) YOPA MY NN NI NN (X) =X MIPNAN 2 INN .2
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:DXNIN DOPYONOY DY (8
| 100> 0 PN NP NPNS f:1(0,0) >R D M LN
. X —>00 TUND
(0,00) -2 MMV NTNIANPOYIND DI

(0,00) -2 MY NN NN IPX f(x)=xInx 22NN .2
DMON NS - 70 ,n PN NPNS f:(0,0) >R D NM )

MY DTN NDNY - P 99 NN
Cf(X) =¢ (sin4 X +cos’ x) NIIPHRN NP PIPNS R >R ODPM (9
1 .
LX 995 > <sin* x+cos* x <179 N

.(0,00) -2 MY NN NXT NPR I .2
. (=0,0) -2 MY NN NONY f I )
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29 P19 Gwl D7P2 DN DXVAVN TV MINDIN

0"MN2) D'Vavn Y NMindn

:DN2N OXVAVNN HN NN

MOXI NI M

Y ITIPI NN NOTI RN, X, TTIPIT NP (X) 1O¥PI9N DX

nYvvn Yoo

g (x) NP NP f(g(X)) NI, X NTIPIA NP IPNS y =g(x) NN
DOPINMY, X NP NP f(g(X)) NIDNNN MYPNN NN

(f(a(x)))=f"(g(x)-g'(x)

V997 Yo
, X, ITIPI MR M MOY MM NPIPNS f -1 g-v non

- f(x) . f(x) ,
Aim——==1lim——= WX ,9'(%,) =0 19 f(%,)=9(X,)=0 > NN
X_)Xog(x) X_’Xogl(X) g( ) ] ( ) g( )

TINDID VYN
f (x) 8PN DN
,[a,b] Mo yopa Ne¥Y N

,(a,b) Mman yopa NP .2

f(b)—f
.w f'(c)-v 10,a<b<c NTPI NDP N
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val D7P2 DN DXVAVN TV MINDIN

N9 VavYn

X, NTIPIN NN 97907 DINN2 NITNIND TPSPND - N)

(%) =0 IN,TPDIPN DIOPN NTIPY X, DN X, NTIPIA NP f DN

519 vaYnN

f (x) MYPNAN ON
,[a,b] MmDN yoPpa NN N
,(a,b) Mmanyopa NP a2
, f(a)="f(b) mo»pn

.f'(c)-wT5,a<b<c NTIPINHDIP N

N9 N NISPNIN NI

X, NTIPIN NDAVA NN NN PPN y =  (x) >N

MOV 121NN TPSPNIN OI N, F(X) =0 ON X, NTIPIA NP f(X) DN

1
9'(Yy)= T) YONWN DOPNNY, Y, = f (X)) NTIPIA NP ISPN, x=g(Y)
X
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30 P19 Gwl ... PI9N) DXODN DINTPNN DN

Convergence of a Sequence, Monotone Sequences
(NM1TO)

Questions

1) Let A be a non-empty subset of R and « =inf A. Show that there exists a
sequence (a,) suchthatan a, e Aforall neN and a, >« .

2) Let A be anon-empty subset of R and x, € R. Show that there exists a sequence

(a,) in Asuch that [x, —a,| > d(x,, A) . Recall that d(x, A) =inf {|x—al:ae Al

3) Let (a,) be abounded sequence. For every ne N, define x, =sup{a, :k <n}.

Show that the sequence (x,) converges.

Cauchy Criterion, Bolzano - Weierstrass Theorem
4) Show that a sequence (x,) of real numbers has no convergent subsequence

if and only if |x,| —> oo.

5) Let (x,) beasequencein R andx, € R. Suppose that every subsequence of

(x,) has a subsequence converging to x,. Show that x, — X, .

6) Let (x,) beasequencein R . We say that a positive integer n is a peak of the
sequence if m>n implies x, > x_ (i.e., if x_ is greater than every subsequent

term in the sequence).
a) If (x,) has infinitely many peaks, show that it has a decreasing

subsequence.
b) If (x,) has only finitely many peaks, show that it has an increasing

subsequence.

c) From (a) and (b) conclude that every sequence in R has a monotone
subsequence. Further, every bounded sequence in R has a convergent
subsequence (An alternate proof of Bolzano-Weierstrass Theorem).
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30 P19 GWL ... PI9N) DXODN DINTPNN DN

Continuity and Limits (maxm m212x)

Questions

1) Let lim-52=5. Show that lim~2=0.

2) Let f:R—R and x, € R. Suppose lim f(x) exists.

Show that Iirrg f(X+X,)=lim f(x).

3) Let f(x)=|x| forevery xeRR.Show that f iscontinuouson R.

4) Let f:[0,7] >R bedefinedby f(0)=0 and f(x)=xsini—21cosi for x=0.

Is f continuous?

5) Let [-] denote the integer part function and f :[0,0) - R be defined by
f(X) =[x*]sin7x.
a) Show that f iscontinuous at each X # Jn, neN. [Here N includes 0]
b) Show that f is continuous at each x=k e N..

c) Show that f is discontinuous at each x = Jn, neN such that x ¢ N.

6) Letthe function f :[0,1] — [a,b] be one-one and onto. Suppose f is continuous.
Show that f ™ is also continuous.

7) Let f:(0,1) > R be given by

L ifx=2 where p,q e N and p,q have no common factor
f (X) —J4a q

0 ifx isirrational

a) Suppose x, — x, for some Xx,, with x = x forall neN, and suppose

X, = g—n €(0,1) where p,,q, € N have no common factors. Show that

n

limg, =oo.

n—oo

b) Show that f is continuous at every irrational.
c) Show that f is discontinuous at every rational.
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30 P19 GWL ... PI9N) DXODN DINTPNN DN

Existence of Extrema, Intermediate Value Property
(oxLYAIM vawvn 012N )Y vavn)

Questions

1)

2)

3)

4)

5)

6)

Give an example of a function f on [0,1] which is not continuous but satisfies the
IVP". "We say that f has the property IVP [Intermediate VValue Property] on [a,b] if
for every x,y €[a,b] and « satisfying f(x)<a < f(y) or f(x)>a > f(y) there
exists x, €[X,y], such that f(x,)=«.

Let f :IR — R be a continuous function. Show that f is a constant function if
a) f(x) isrational for each xeR.
b) f(x) isan integer foreach x€ Q.

Let p(x):R — R be a polynomial function of odd degree. Show that p is onto.

Let f,g:[0,1] > R be continuous such that
inf{f (x):xe[0,1]}=inf{g(x): x [0,1]}.
Show that there exists x, €[0,1] such that f(x,)=9(x,) .

A cross country runner runs continuously an eight kilometers course in 40
minutes without taking rest. Show that, somewhere along the course, the runner
must have covered a distance of one kilometer in exactly 5 minutes.

Let f :R — R be a continuous function.
a) Suppose f attains each of values exactly two times. Given:
f(x)=f(x,)=«a forsome x,X,, R, and f(x,)>a for some
X, €[X,X,]. Show that f attains its maximum in [x, X,] exactly at one point.
b) Using (a) show that f cannot attain each of its values exactly two times.
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30 P9 wa ...2 P797) DD DXNTPNN DIDNIN

Mean Value Theorem, L'Hopital's Rule, Differentiability
(M 2va? 222 ,'TaNA? vawn)

Questions

1) Does there exist a differentiable function f :[0,2] - R satisfying
f(0)=-1 f(2)=4and f'(x)<2,forall xe[0,2]?

2) Let f:R— R be differentiable such that for some o € R, ‘ f '(X)‘ <a<l

forall XeR. Let a, € R and define a sequence (a,) recursively by
a,, = f(a,).Showthat (a,) converges.

3) Let f:[a,b] >R be differentiable and let & € R be such that
f'(a) <a < f'(b). Define g(x) = f (x) —ax forall Xx<[a,b].
a) Show that there exists C €[a,b] such that g'(c) =0.
Hint: prove by contradiction, noting that g’(a) <0 and g'(b) <O.
b) From the above, conclude that if a function f is differentiable on an
interval [@,b], then ' has the Intermediate Value Property on [a,b].

4) Suppose f :[0,1] — IR is continuous and E f()dt =1.

a) Show that there exists C € (0,1) such that f(c)=1.
b) Show that there exist ¢, = c, in (0,1) suchthat f(c,)+ f(c,)=2.

5) Let f:[0,]] > R be such that ‘ f '(X)‘ <10 forall xe(0,1) and let (x.) be
asequence in (0,1) satisfying the Cauchy criterion. Show that the sequence

( f (Xn)) converges.

6) Let f:[0,1]] >R and a, = f(%)— f (ﬁ), n=12,...
Show that:

a) if f iscontinuous, then Z:zlan converges;

b) if f is differentiable and ‘ f '(X)‘ <1 Vxe[0,1], then
ZL a, (cos n)\/ﬁ converges.
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30 9 Gwl .2 PI9N) DOON DNTPNN DI IN

7) Let p(x)=a+bx+cx®. Find all values of a,b,c e R for which the function
p(|x]) is differentiable at 0.
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30 P19 G@@i. ... PI9N) DXODN DINTPNN DN

Power Series, Taylor Series (m2»v v mprn M)

Questions

1) Let f:(a,b) > R be infinitely differentiable and let X, € (@,b). Suppose that
there exists M > 0 such that ‘ f(")(x)‘ <M" forall neN and X (a,b).

Show that Taylor’s series of f around x, convergesto f(X) forall X € (a,b).

1
2) Let (a,) be asequence of nonnegative reals and suppose that (an") isa

bounded sequence. For each n, define A, :Sup{ak% ‘k>n}.
(A,) converges since it is decreasing and bounded below (by 0).
So A, —> L forsome L >0.

a) Show that if L <1, the series Z:Zlan converges and if L >1 the series

diverges.

o0

b) Show that the radius of convergence of the power series Zn:l n

n - 1
ax Is—.
L
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30 P19 GWL ... PI9N) DXODN DINTPNN DN

D™ 2N 7Y vavn ,X"1TNN ?2¥ *MP@ vavnn
1M "NI2DY DNV

MHNY

f0=10 X0 £ 11> R nn (1
0= 0<x<i [ RO

Al<x<1 3y F(x)=[ f(t)dt NPT
N2, F - f 5 D970 IR VLIV
N F DANL(0-2) NN PR f N

0 2ANPRAPR F 2
,0-2 NNV NPNR f-w D, f:[-11] > R MIpNS noNTIin D

.0-17PW F(x)= [ f(t)dt Yan

NPSPNANY NNINA ,DIDNVINRY MNYN DN TIY LIV AN NN (2
: (MPDIANVIN NDY) MYNI
.[a,b]-an2>x f O>nn

,F'=1-v 75 ,[a,b]-2 F NN MIPN ND»P ON

[0 f(x)dx=F (b)-F(a)

NN fi[a,b]>R oD (3

lim S (P, f):j: f (x)dx 3379590

IP|—0
A =x—%, SR =S" FE)A, P ={X %X} :DNDD
.|P| = max{Ax} ,Coe[x 4, %]

I<i<n

.neN Y a, InL@} mn (@

lima, N NSD) 1277 01207 &, NN DN

Jab]-amoNy g’ f-w 1o, f,g:[a,b] >R Mm»n (5

e (x)ax=[f(x)g(x)] - £'(x)g(x)dx 31271
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¢ 9V ML NN fHONM MNP ¢ia, Bl >R OIN (6

B , #(8)
= ’
T E(s(t) g ()t L(a) f (x)dx >3 1,mN
MYV uv:i[ab]>R v NN f:ilab]>R N0 (7
,[2,b]-2 ©551m v-1 u SW DNV DN 2 ININ
d v dv du

vl f(t)dt= f(v(x))&— f (u(x))& W
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30 P19 GWL ... PI9N) DXODN DINTPNN DN

DI1axXa vavn navyn nvvy nal

MHNY

X =1 PN 0OY TOONNN D02 OY MYDN MY YOwn NNy (1
.2 YN YN TN
,9NN N NN AWNT 1IN JY DTN VIVNI IWNNYN
.y =—a YN 12D YOIWNN 0 O DY I8N

DINNN YV T2I9N 1999 NN INSNDY DN VAVNI WHNVYN (2
.D:{(x,y)|x2+y2 =4, x>0 andyZO}

a

(x=2)"+y? =1 %yn2 0NN NVIwN PN (3
.y -1 Y 220 2IN0N NVIVHN
,INNY NLYN DY DN NLY NN INSN
NNV NN N NN

4
.gnr?’ NI, T DT DY T NI : )

Ly =X PN 10 231NN (x—4)° +y? <4 9ynn porT (4

/d‘ O NIV 1 NI NN INSD
(x=2)" +(y=2)" =4, y>2 moynn nwpa man (5

LY +2x=0 930 A0 NIDNDN NYPN
NNY NN YV DI9N NLY NN INSN

.y=%(x2+1), 0<x<1 DWPYN ¥ (X,¥) P> (6

S / LDIONO VAVYN NINYA X NN INSD
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